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Two multirelations M and M’ on the same set E are hypomorphic when for every 
element x of E, the restrictions M/(/Z- {x}) and M’/(E- {x}) are isomorphic. A 
multirelation M is said to be reconstructible when for each multirelation M’ such 
that M and M’ are hypomorphic, we have: M and M’ are isomorphic. In this 
paper, we prove that the multirelations, at least one component of which is a chain, 
are reconstructible. 0 1992 Academkc Press, Inc. 
1. INTR~OUCTI~N 
A relation R of arity k on a finite set E is a function of the set Ek of 
k-tuples of E into { +, - }. The set E is called the base of R. If X is a subset 
of E then we denote by R/X the restriction of R to X. A multirelation A4 
on a set E is a sequence R, . . . R, of relations, the base of which is E. The 
relations R, , . . . . R,, are called the components of M. If X is a subset of E 
then the restriction of M to X, denoted by M/X, is the multirelation 
(R,IX)~~~V4,IX). 
Now, let us introduce some notions which are useful in reconstruction 
(see [l, 81). We say that two relations it4 and N on the same set E are 
hypomorphic whenever for each element x of E, the restrictions 
M/(E- (x}) and N/(E- (xl) are isomorphic (i.e., if M= R, . . . Rh and 
if N=Si . . . S,, then there is a permutation S of E- {x} such that, 
for i=l . . . h, f is an isomorphism from R,/(E - {x} ) onto S,/( E - {x} ). 
A multirelation M is said to be reconstructible when for every multirela- 
tion M’ such that A4 and M’ are hypomorphic, we have that A4 and M’ are 
isomorphic. Generally, the relations and therefore the multirelations 
are not reconstructible (see [4, 7)). Thus, the problem is to find classes 
of multirelations, the elements of which are reconstructible. 
For example, in [2] we prove that the tournaments without diamonds 
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are reconstructible. Recall that a tournament T on a set E is a binary and 
reflexive (i.e., for x E E, T(x, x) = + ) relation such that for x # y E E, 
T(x, y) # T(y, x). A chain C on E is a transitive (i.e., if x, y, and z are 
elements of E such that C(x, y)= C(y, z) = + then C(x, z) = +) tourna- 
ment. Up to isomorphism, there are two tournaments of cardinality 3: the 
chain and the cycle. Moreover, there are two tournaments of cardinality 4 
containing exactly one cycle which are called the diamonds. A tournaments 
is without diamonds when its restrictions of cardinality 4 are not 
diamonds. 
Another class, suggested by M. Pouzet in 1971, is the class of multi- 
relations, at least one component of which is a chain. But in this case, as 
shown by M. Pouzet in [S], the problem of reconstruction can be 
translated in terms of permutations. Before recalling this result, let us 
introduce some notation and definitions. 
Notation 1. (1) The cardinality of a set E (resp. of the base of a multi- 
relation M) is denoted by card(E) (resp. card(M)). 
(2) If E is a non-empty set of integers then we denote by min(E) the 
minimum of E. Moreover, if E is finite then we denote by max(E) the 
maximum of E. 
(3) Let n be a positive integer. For k $ n, we denote by L(n, k) 
the lexicographical order on the set of k-tuples [a(l), . . . . a(k)], where 
a(l)< . . . < a(k) are elements of { 1, . . . . n}. 
(4) Let n be a positive integer and let F be a permutation of 
{ 4 . . . . n}. We denote by C(n) the usual chain 1 < . . . < n on { 1, . . . . n} and 
for each element x of E, the isomorphism from C(n)/( { 1, . . . . n} - (x}) onto 
C(n)l( { 1, . . . . n} - {F(x)}) is denoted by F.Y. 
DEFINITION 1. Let n be a positive integer and let F be a permutation 
of { 1, . ..) n}. Consider elements x(l), . . . . x(p) of (1, . . . . n} and elements 
4 11, . . . . e(p) of { - 1, 1 } such that if p > 1 then for i = 1, . . . . p - 1, e(i) # 
e(i+ 1). The mapping [F.Y@Je(P)~ ... 0 [Fx(,Je(‘) is called a F-composition 
of type [e(l), e(p)] and F,(,,, . . . . F,+, are called the factors of the 
F-composition. 
F’ROWSITION 1 (M. Pouzet [5]). Let k be a positive integer. Zf n > 
max(4, k + 1) then the following assertions are equivalent: 
(1) For every permutation F of { 1, . . . . n} and for given elements 
41) < . . . -K a(k) of { 1, . . . . n}, there is a F-composition f of type (1, l), the 
domain of which contains a(l), . . . . a(k) and such that, for i = 1, . . . . k, 
f[a(i)] = a(i). 
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(2) iy M=R,.*- R, is a multirelation with card(M) > n, if, for 
example, RI is a chain, and if, for i = 2, . . . . h, Ri is a relation of arity <k, 
then M is reconstructible. 
By Proposition 1, in order to prove that the multirelations, at least one 
component of which is a chain are reconstructible, it is sufficient to show 
the following result. 
THEOREM 1. For each positive integer k, there is an integer s(k) with the 
following property: if n&s(k), if F is a permutation of (1, . . . . n) and sf 
a( 1) < . . . < a(k) are elements of { 1, . . . . n} then there is a F-composition f of 
type (1, l), the domain of which contains a(l), . . . . a(k) and such that for 
i = 1, . . . . k, f[a(i)] = a(i). 
In Section 2, we prove this theorem by induction on k using Theorem 2 
which follows, But before stating this result, let us introduce the following 
definition. 
DEFINITION 2. Let k and s be positive integers. Consider an integer 
n 2 max(k, s) and a permutation F of { 1, . . . . n}. We say that F satisfies the 
property Z7(k, s) if the following conditions hold: 
(i) If X is an interval of C(n) (see Definition 1) and if s < 
card(X) <n then F(X) # X. 
(ii) card( (X E f 1, . . . . n}/F(x) =x}) <k. 
THEOREM 2. For given positive integers k and s, there is an integer 
S(k, s) 2 max(2k’ + 1,2s - 1) such that if n > S(k, s), if F is a permutation 
of { 1, ..*, n ), jidfifling l7(k, s) and if a( 1) < . . . < a(k) and b( 1) < . . . < b(k) 
are elements of { 1, . . . . n 1, then there is a F-permutation f of type (1, l), the 
domain of which contains a(l), . . . . a(k) and such that for i = 1, . . . . k, 
f[a(i)] = b(i). 
In Section 3, we show Theorem 2 and in Section 4, we present some 
improvements of Theorem 1. In this paper, some proofs are long and we 
only give the main arguments. For full particulars, the reader can refer to 
c33. 
2. PROOFOF THEOREM 1 
For k = 1, s(1) = 3 is suitable. Suppose that k > 2 and that we have found 
s(l)< *** < s(k - 1). We can choose s(k) = S(k, s(k - 1)) (see Theorem 2). 
Indeed, consider an integer n >, s(k) and a permutation F of { 1, . . . . n). 
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If F satisfies fl(k, S) then we can use Theorem 2. If card( {x E ( 1, . . . . n >/ 
F(x)=x})>k then for a(l)< ... <a(k) E { 1, . . . . n}, there is an element x 
of { 1, . ..) n> - {41), ..., u(k)} such that F(x) =x and for i= 1, . . . . k, 
F.X[u(i)] = u(i). Thus, we can assume that there is an interval X= {a, . . . . 6) 
of C(n) such that F(X)=X and s(k-l)gcard(X)<n. Let u(l)< ... < 
u(k) be elements of { 1, . . . . n>. If card(Xn {u(l), . . . . u(k)))<k- 1 then we 
can use the hypothesis of induction. Last, suppose that u(l), . . . . u(k) belong 
to X. If there is an element x of { 1, . . . . a - 1 > (resp. {b + 1, . . . . H}) such that 
F(x) belongs to { 1, . . . . a- 1 } (resp. {b+ 1, . . . . n}) then for i= 1, . . . . k, 
F, [u(i)] = u(i). So suppose that F( { 1, . . . . a - 1 }) = {b + 1, . . . . n} and 
F((b+ 1, . . . . H})= (1, . . . . u-l}. Using F,-, and [Fr-I,,_,,]-‘, we obtain 
for UE (0, 11 a F-composition g of type [(-l)“, (-l)(“+a(l’Pu)] such 
that for i = 1, . . . . k, g(u(i)) = u(i) - a( 1) + a - 1. To conclude, note that 
CardCJ’n (g(a(l)), . . . . da(k)))1 6 k- 1 and use the hypothesis of 
induction. 
3. PROOF OF THEOREM 2 
Before proving Theorem 2, let us introduce some definitions and show 
some lemmas. 
DEFINITION 3. Let n be a positive integer, x(O), . . . . x(N) be elements of 
{ 1, ..., n}, and e(O), . . . . e(N) be elements of { - 1, l}. In the sequel, for 
m = 0, . . . . N, F’“‘[x(m)] will be denoted by y(m). We say that {x(m), e(m) 
(0 <m < N)} is a A-system when the following conditions hold: 
(1) For m = 0, . . . . N, y(m) < x(m). 
(2) If N> 1 then for m = 0, . . . . N-l, x(m)<x(m+l) and y(m)< 
y(m + 1). 
(3) IfNkl thenform=O,...,N-1, y(m+l)Gx(m). 
(4) If N> 2 then for m = 0, . . . . N- 2, x(m) < y(m + 2). 
For m = 0, . . . . N, if e(m)= 1 (resp. e(m)= -1) then we deline:f,=F+, 
(resp. f, = [FYc,,] - ‘). In what follows, we often use an element of 
{ 1, . . . . n} denoted by u and we define right now : for m = 0, . . . . N, if e(m) = 1 
(resp. e(m) = - 1) then g, = [F,] -’ of, (resp. g, =f, 0 F,,). 
LEMMA 1. For given positive integers p and q, let us denote by P(p, q) 
the integer (2p + q + 2)p+q. Consider u permutation F of { 1, . . . . n), u 
A-system {x(m), e(m) (0 <m < N)}, an element b of { 1, . . . . n> such that 
y(0) d b and a subset A of {y(O), . . . . b} with the following properties: 
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(1) min(A) <x(O), 
(2) b <p and P(p, q) <x(N). 
(3) There is an element u of ( 1, . . . . n > such that u > P(p, q) and 
F(u) > P(P, 4). 
Then there is a positive integer L and there are elements n(O), . . . . n(L - 1) 
of { 0, . . . . N) such that the F-composition f = gncL- , ,o . . . ogncO, of type 
( 1, - 1) furfis the following: 
(a) The domain off contains A. 
(b) For i = 0, . . . . L - 1, y[n(i)l <max[f (A)]. 
(c) f [min( A)] = min( A) + q. 
(d) max[ f (A)] < P(p, q) so that the F-composition F, of of type 
(1, 1) satisfies:for XEA, (F,of)(x)=f(x). 
Proof: First, if x(0) >p + q then we can choose f = (go)y. Thus we can 
assume that x(0) <p + q and so N>, 1. Now, let us define a sequence 
(AM)M,o of subsets of { 1, . . . . n} in the following way: 
- A,=A. 
- For given subset A,,,, of { 1, . . . . n} : If for kE (0, . . . . N}, x(k) < 
min(A,) or x(k)E A, then A,+,+, = A,,,,. Else we can define n(M) = 
min( (kE (0, . . . . N)/x(k) 2 min(A,) and x(k)+ A,}) and we set AM+ 1 = 
fnw,(AM). 
There is a positive integer M such that Aw+, = A, and we define 
M’=min({M~l/A,+,= A,,,}). From the definition of M’, it follows that 
for M= 0, . . . . M’, max(A,) < x(N) and that max(A,.) = x(N). In order to 
complete this proof, we need the following facts which the reader can easy 
check: 
(Fl ) Let m be an element of (0, . . . . N - 1> and let M be an element 
of {l, . ..) M’) such that min(A,) <x(m) < max(A,) G x(m + 1) and for 
K= 0, . . . . M- 1, max(A,)<x(m+ 1). Then max(A,)<x(m)+p. 
(F2) Let m be an element of (0, . . . . N - 1 } and let M be an element 
of (0, . ..) M’} such that x(m) < max(A,) < x(m + 1) and if M > 1 then 
for K= 0, . . . . M- 1, max(A,) < x(m + 1). Then we obtain max(A,) < 
max[x(m), min(A,,,)] +p. 
(F3) Let m be an element of { 1, . . . . N} and let M be an element 
of (0, . . . . M’) such that min(A,) <x(m)< max(A,). Then x(m),< 
max[x(m - l), min(A,)] +p. 
(F4) Let m be an element of (0, . . . . N} and let M be an element of 
(0, . . . . M’} such that x(m) < max(A,). Then m <p + min(A,). 
It follows from these facts that min(A,.) 2 min(A) + q and so there is an 
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element A4 of (0, . . . . M’} such that min(A,) = min(A) + q. We can consider 
L = min( (ME (0, . . . . M’ )/min(A M) = min(A) + q 1). To finish this proof, we 
have to show that max(A,) d P(p, q). But this fact is a direct consequence 
of (Fl), . . . . (F4). 
LEMMA 2. Let F be a permutation of { 1, . . . . n} and let {x(m), e(m) 
(0 <m < N)) be a A-system. Consider a subset A of {y(O), . . . . n} such that 
min(A)> y(1) and such that there is an element u of { 1, . . . . n} satisfying: 
u > max(A) and F(u) > max(A). Then there is a positive integer L and there 
exist elements n(O), . . . . n(L- 1) of (0, . . . . N} so that the F-composition 
f= CgncL-,J1o ... ~Cg,~&’ of type (1, -l)fn,f;rs: 
(a) The domain off contains A. 
(b) y10)GfCmin(A)l<~(l). 
(c) f [max(A)] <max(A) in such a way that the F-composition F,of 
of type (1, 1) sutisfies:for XEA, (F,of)(x)=f(x). 
Proof We define a sequence (A,,,),,,>D of subsets of (y(O), . . . . max(A)) 
in the following way: 
- A,=A. 
- For given subset A,,,, of {y(O), . . . . max(A)} : either min(A,) c y( 1) 
and A M+l =A, or min(A,)>y(l) and AM+,= [gn~M~l-l (AM), where 
n(M) = max({m E (0, . . . . N}/y(m) < min(A,))). In the second case, 
min(A,+ i) = min(A,) - 1 so that there is a positive integer L such that 
min(A,)<y(l). 
LEMMA 3. For given positive integers p and s, let us denote by Q(p, s) the 
integer max[s + u(p) + 2, 24~) + 61, where u(p) is defined in the following 
way: u(O)=p and u(Z+ l)=P(u(l), u(l)+ . . . + u(O)+p). Let F be a per- 
mutation of { 1, . . . . n} such that if X is un interval of C(n) (see Notation 2) 
and ifs < card(X) <n then F(X) #X. Consider elements b <a of { 1, . . . . n} 
satisfying the following: 
(1) ForxE{b+l,...,u-1}, F(x)<aandF-‘(x)<u. 
(2) b <p and Q(p, s) < a. 
Then there is a F-composition f of type (1, 1 ), the domain of which contains 
( 1, . . . . b} u (a, . . . . n >, with the following properties: 
(a) For XE {l,..., b}, f(x)=x. 
(b) Zf a<n then for XE {a+ 1, . . . . n}, f(x)<x. 
(c) f(u)=a- 1. 
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Proof First, let us prove that there are elements c, u, and x(O), . . . . x(N) 
of ( 1, . ..) n} and elements e, e(O), . . . . e(N) of ( - 1, 1 ), fulfilling the following 
conditions: 
(Gl) {x(m), e(m) (0 <m <N)} is a A-system. 
(G2) y(O)<c<b, F(c)>a, and c<x(O). 
(G3) If n > 1 then c<y(l). 
(G4) u(p) <x(N) <(I- 1. 
(G5) u and F(u) belong to {u(p)+ 2, . . . . a-2). 
Note that if x belongs to (1, . . . . u(p)+ l>, if y belongs to (a-2, . . . . n} 
and if (x, y} # { 1, B} then, since card( {x, . . . . y}) > s, there are elements z 
and z’ of {x, . . . . y} such that F(z) and F-‘(z’) do not belong to {x, . . . . y}. 
Thus we can define c=max({x~ { 1, . . . . a- l}/F(x)Ba or F-‘(x)>u}) 
and we denote by e an element of { - 1, 1 } such that P(c) = a. It also 
follows that if x belongs to {c, . . . . u(p)} the there is an element y of 
{x + 1, . . . . a-2} such that F(y)Gx or F-‘(y)<x. Now let us define the 
A-system (x(m), e(m) (0 <m <N)} in the following way. We can define 
x(0) = max( (x E {c + 1, . . . . u-2)/F(x) d c or F-‘(x) < c>) and let e(0) be 
an element of { - 1, l> such that P’“‘[x(0)] ,<c. Either x(0) >u(p) or 
x(O)<u(p) and we define x(l)=max({x~ {x(O)+ 1, . . . . a-2)/F(x)<x(O) 
or F-‘(x) <x(O)}) and e( 1) is an element of { - 1, 1 > such that 
F”‘(x(1)) < x(O). We stop this definition by induction when we obtain 
x(N) > u(p). At last, in order to define u, let us denote by X (resp. Y) the 
set {u(p) + 2, . . . . a - 2) (resp. F-‘( (1, . . . . u(p) + 1 })). If x belongs to X then 
either F(x) E Xor x E Y u {F-‘(a - l)}. But card(X) = a - u(p) - 3, 
card[Yu[F-‘(a-l)j]=u(p)+2 and, since a-u(p)-3>u(p)+2, 
there is an element u of X such that f(u) E X. 
Second, let us prove that there are F-compositions g and h of type (1, l), 
the factors of which belong to (F,,f,, ...rf,,) and such that 
(G6) The domain of g contains A = (y(O), . . . . b}. 
(G7) c<min[g(A)] and max[g(A)] <u(p). 
(G8) The domain of h contains g(A) and if x belongs to A then 
(hog)(x) =&I + 1. 
If x(0) > u(O) +p then we can choose g = F, ogg-y(o)3 and if e(0) = 1 
(resp. e(0) = - 1) then h =fo (resp. h = F,, of0 0 F,). Thus, we can assume 
that x(0) < u(O) +p and so N> 1. Using Lemmas 1 and 2, we can show by 
induction on m = 0, . . . . b-y(O) that if m < N and if for i= 0, . . . . m, 
x(i) < u(i) + . . . + u(O) +p then there is a F-composition h, of type (1, 1) 
satisfying max[h,,,(A)] < u(m + 1) and for i = 0, . . . . m, h,(y(O) + i) = 
~$i+l)-1. If Nab-y(O) and if for m=O,...,b-y(O), x(m)< 
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u(m) + . . + u(O) +p then h, -y,0j is defined and we can set g = h, -?,,,, and 
h=FUOgOo ... og,-.V(o,. Otherwise, if N < h -y(O) or if there is an element 
m’ of (0, . . . . b-y(O)} such that x(m’) > u(m’) + . . + u(0) +p, when 
we define m = min( (m’E (0, . . . . min(b -y(O), N))/x(m’) > u(m’) + ... + 
u(0) + p > ). By a previous assumption, m 3 1, and denoting h, ~ 1 (y(0) + m) 
by a(m.), we define h and g in the following way : h = F, og, o . . . og, and 
if a(m)<x(m+ 1) (resp. a(m)>x(m+ 1)) then g=F,,~g~(:(m-l)-n(‘“)]~ 
(F,)-‘oh,,.-,) (resp. g=h,+,). 
In order to complete this proof, we choose f= F, 0 g ~ ’ o h’ o h o (F,) - ’ o g, 
whereh’=F,o(F,,)‘ife=l and h’=FUo[FF-lc,,lP’ife=-l. 
LEMMA 4. Let k and s be positive integers. Zf n 3 max(2s - 1, 2k2 + l), 
tf F is a permutation of { 1, . . . . n} satisfying the property ZZ(k, s) (see 
Definition 2) and if a( 1) < . . . <a(k) belong to { 1, . . . . n} then there is a 
F-composition f of type (1, l), the domain of which contains a( 1 ), . . . . u(k) 
and such that [f (a( l)), . . . . f (u(k))] < [a( 1 ), . . . . a(k)] module L(n, k) (see 
Notation 1). 
Proof We can suppose that a( 1) = 1. Indeed, if a( 1) > 1 then since 
n 3 2s - 1, there is an element x of { 1, . . . . a( 1) - 1 } such that F(x) B a and 
we can consider f = F,, 
We also can assume that a(k) > k. Otherwise, a(k) = k and, since there 
is an element x of {k + 1, . . . . n} such that F(x) > k + 1, we can choose 
f = I;,. Thus, there exists a positive integer m and there are intervals 
X( I), ..., X(m) and Y( 1 ), . . . . Y(m) of C(n) such that X( 1) u . . . u X(m) = 
{u(l), . . . . u(k)} and for i = 1, . . . . m- 1, if x~X(i), YE Y(i), and z~X(i+ 1) 
then x < y < z. If there is an element i of { 1, . . . . m - I} and an element x 
of Y(i) such that F(x) > min[X(i+ l)] or such that F(x) E Y(i) then we can 
set f = F.r. So we can assume that for i= 1, . . . . m - 1, F[ Y(i)] is included 
in X(l)u Y(l)u . . . uX(i-1)u Y(i-l)uX(i) so that card[Y(i)]< 
card[X(l)]+ . . . +card[X(i)]. Thus, card[Y(l)u . . . u Y(m-I)]< 
(m- l)card[X(l)] + ... +2card[X(m-2)] +card[X(m- l)]. It follows 
that a(k) ,< k2 and, since n $ 2k2 + 1, there is an element x of ( 1, . . . . n> such 
that x and F(x) belongs to (a(k) + 1, . . . . n} and we can consider f = F,. 
LEMMA 5. For given positive integers k and s, we define R(k, s) = 
u(k)+ k, where u(O) =0 and u(l+ l)= Q[u(r)+ k, s]. Consider an integer 
n amax(2s- 1, 2k2 + 1) and a permutation F of (1, . . . . n} satisfying the 
property ZZ(k, s). Zf a( 1) < . .. <a(k) are elements of (1, . . . . n} such that 
a(k) > R(k, s) then there is a F-composition f of type (1, l), the domain of 
which contains a( 1 ), . . . . a(k) and such that [f (a( 1 )), . . . . f (u(k))] < 
[a(l), . . . . a(k)] modulo L(n, k). 
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Proof As in the proof of Lemma 4, we can suppose that a( 1) = 1 and 
define the intervals X(l), . . . . X(m) and Y(l), . . . . Y(m - 1) of C(n). If there is 
an element i of { 1, . . . . m - 1 } and an element x of Y(i) such that 
F(X) > max[ Y(i)] then we can choosef= F,. Now suppose that there is an 
element i of (1, . . . . m - 1 } and an element x of Y(i) such that F-‘(x) > 
max[Y(i)]. Let us denote by g the F-composition (FF-lcxj)-’ of type 
( - 1, - 1). By Lemma 4, there is a F-composition h (resp. h’) of type (1, 1) 
such that [h(a( l)), . . . . h(a(k))] d [a(l), . . . . a(k)] modulo I;(n, k) (resp. 
LVw)Mlh . . . . WgMWl G Cg(41))3 .. . . d4Wl moddo Lh W 
Either [h(a(l)), . . . . h(u(k))] < [u(l), . . . . u(k)] modulo L(n, k) and we can 
set f= h or for j= 1, . . . . k, h[u(j)] = u(j) and we can consider f = h’o g 0 h. 
Thus, we can assume that for i= 1, . . . . m - 1, F[ Y(i)] and F-‘[ Y(i)] are 
included in X( 1) u Y( 1) u . . u X(i) u Y(i). But since u(k) > R(k, s), there 
is an element i of { 1, . . . . m- l} such that min[X(i+ l)] > Q[max(X(i)), s] 
and, to conclude, we can use Lemma 3. 
Now, we are ready to prove Theorem 2. Consider positive integers k, s 
and let us introduce some notation: M(k, s) = P[P(R(k, s), R(k, s) -t 2k), 
R(k, s) + 2k + 21, M’(k, s) = P[P(R(k, s), R(k, s) + 2k), M(k,s)]. We 
claim that we can choose S(k, S) = 2M’(k, s). Indeed, consider an integer 
n > S(k, s), a permutation F satisfying the property Z7(k, s). It is sufficient 
to prove that for all the elements a( 1) < ... <u(k) of { 1, . . . . n} such that 
u(k) > k there is a F-composition, which will be denoted by f in what 
follows, of type (1, l), the domain of which contains a( 1 ), . . . . u(k) and such 
that Cf(4l)h . . ..fW))l < Cdl), . . . . u(k)] modulo L(n, k). As in the proof 
of Lemma 4, we can supose that a( 1) = 1 and define the intervals 
X( 11, -.., X(m) and Y(l), . . . . Y(m - 1) of C(n). As in the proof of Lemma 5, 
we also can assume that for i = 1, . . . . m - 1, F[ Y(i)] and F- ’ [ Y(i)] are 
contained in X(l)u Y(l)u . . . u X(i) u Y(i) and, by Lemma 5, we can 
suppose that u(k) < R(k, s). 
First, let us prove the following facts: There are elements U, x(O), . . . . x(N) 
of {min[X(m)], . . . . n} and elements e(O), . . . . e(N) of { - 1, l} such that: 
W) ix(m), 4mW < m < N)} is a d-system. 
(H2) y(0) <max[X(m - l)], min[X(m)] <x(O) and if N> 1 then 
minCX(m)l <y(l). 
(H3) x(N), U, and F(U) belong to {M’(k, s)+ 1, . . . . n}. 
Indeed, observe that if x belongs to ( 1, . . . . M’(k, s)) then, since 
card( {x + 1, . . . . n}) as, there is an element y of {x+ 1, . . . . n} such that 
F(y) <x or F-‘(y) <x. It follows that we can define x(O) = max( {x E 
{min[X(m)}, . . . . n}/F(x) < min[X(m) J or F-‘(x) < min[X(m)] >) and we 
denote by e(0) an element of { - 1, 1 > such that F”)[x(O)] c min[X(m)]. 
Either x(O) > M’(k, S) or x(O) < M’(k, S) and we can define x(l) = 
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max( (x E {x(O) + 1, . . . . n}/F(x) <x(O) or F-‘(x) <x(O)}) and we denote 
by e( 1) an element of { - 1, 1) such that F”‘[x( 1 )] <x(O). We stop this 
definition by induction when we obtain x(N) > M’(k, s). Besides, if x 
belongs to { M’(k, s) + 1, . . . . n} and if F(x)<M’(k, s) then either 
x E { a( 1 ), . ..) u(k)} or xE F-‘( {max[X(m)] + 1, . . . . M’(k, s)}). Since n > 
2M’(k, s) there is an element u of (M’(k, s) + 1, . . . . n} such that F(U) > 
M’(k, s). 
Second, let us prove that there is an element a of {min[X(m)], . . . . 
min[X(m)] + 2k) such that: 
(H4) F(u) > a or F-‘(u) > u. 
(HS) If a > min[X(m)] then for x = min[X(m)], . . . . a - 1, F(x) <x 
and F-‘(x) d x. 
Indeed, suppose that there is an element x of {min[X(m)], . . . . n} such 
that for each element y of (min[X(m), . . . . xf, F(y)<y and F-‘(y)<y. 
Let y be an element of (min[X(m)], . . . . x} such that F(y) <y; since 
for every element y’ of {min[X(m)], . . ..y}. we have F-‘(y’)by’, F(y)< 
min[X(m)] and so F(y) belongs to {u(l), . . . . u(k)}. It follows that 
x < min[X(m)] + 2k - 1 and, since n > min[X(m)] + 2k - 1, we can define 
a = min( { y E { min[X(m)], . . . . n)/F(y)>y and FP’(y)>y}) and hence 
a < min[X(m)] + 2k. In the sequel, we denote by e an element of { - 1, 1 } 
such that F(u) > a and we consider the F-composition g, of type (1, - 1) 
defined in the following way : g, = (F,,- ’ 0 F, if e = 1 and g, = [FFmj c(Ij] -I 0 
F,, if e= -1. 
If x(0) > max[X(m)] + a - min[X(m)] + 1 then we can choose 
f= F, o g~ Co + 1 - min(Wm)l D g, 0 gp+ ’ - min(X(mJ)l. Thus, we can assume that 
x(0) < max[X(m)] + a - min[X(m)] + 1 so that, as x(N) > M’(k, s), N3 1 
and, from the choice of a, it follows that y( 1) > a. In order to complete this 
proof, we distinguish two cases. 
Case 1. Suppose that y(1) amin[X(m)] + 1. First, let us show that 
there is a F-composition h, of type (1, - 1 ), the domain of which contains 
4 1 ), . ..7 u(k), fulfilling the following: 
(H6) If u(i) <y(O) then h, [u(i)] = u(i). 
(H7) If y(O)<u(i)<min[X(m)] then h,[u(i)] =u(i)+y(l)- l- 
min[X(m)]. 
(HS) h, [max(X(m))l < P[R(k, s), R(k, s) + 2kl. 
Indeed, if min[X(m)]>y(l)- 1 then we can choose h, =(FJ’oF,,. If 
min[X(m)] <y(l) - 1 then by Lemma 1 applied to the d-system {x(m), 
e(m) (0 <m < N)) and to the subset A = (y(O), . . . . max[X(m)]}, there are 
a positive integer L and elements n(O), . . . . n(L - 1) of (0, . . . . N} such that 
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the F-composition g = gnCL- i) o . . . 0 gnCO) of type (1, - 1) satisfies: the 
domain of g contains A, g[y(O)] =y(l)- 1, and g[max(X(m))] < 
P[R(k, s), R(k, S) + 2k]. For i=O, . . . . L - 1, if x is an element of 
{ 1, *-*, n> - (x[n(i)]} then g,,,,(x) = x or x+ 1. Thus, there is an element 
L’ of (0, . . . . L- 1) such that (gnCL.)a ... ~s,~o,)CmiW(~))l = ~(1) - 1 and 
we can consider h, = gnCL,) 0 . . . 0 gnCoj. 
Second, let us prove that there is a F-composition h2 of type (1, - 1 ), the 
domain of which contains a( I), . . . . a(k) and such that: 
(H9) If a(i)<min[X(m)] then h2[a(i)] =h,[a(i)]. 
(H10) h2[max(X(m))l < MO6 s). 
(Hll) If a(i) > min[X(m)] then h, [u(i)] ax(O) + 2. 
Indeed, if min[X(m)] = max[X(m)] or if min[X(m)] < max[X(m)] and 
h, [min(X(m)) + l] > x(0) + 2 then we can consider h, =A,. Now, suppose 
that min[X(m)] < max[X(m)] and that hi [min(X(m)) + l] c x(0) + 2. By 
Lemma 1, applied to the d-system {x(m), e(m) (1 <m <N)} and to the 
subset A = {hi [min(X(m)) + 13, . . . . h, [a(k)] >, there is a F-composition g 
of type (1, -l), the domain of which contains A, and such that 
g[min(A)] =x(O) + 2 and g[max(A)] < M(k, s). Then we can choose 
h,=goh,. 
If y( 1) - 12 a + 1 then we can consider f = F,, o go Co- minw(m)‘+ ’ ] D g, 0 
-rY(l)--o--lo~z. If y(l)- Ida and if x(O)aa+l then we can set 
fg,F~~g,[“-min(~(m))+1]og~~g~[uf2-~(1)]~h2. Now, assume that y(l)- 
1 <a and x(0) <a. If x(1) > M(k, S) then we can consider f = 
Fu~g,c”p min(X(m)) + 11 ogOogOoglOgOOhZ. If x(l)<M(k,s) then N>2 and 
let us show that there is a F-composition h3 of type (1, - 1), the domain 
of which contains a( 1 ), . . . . a(k) and satisfies: 
(H12) If a(i) < min[X(m)] then h, [a(i)] = h, [a(i)]. 
(H13) If min[X(m)] <max[X(m)] and if a(i)> min[X(m)] then 
h3 [u(i)] 2 x( 1) + 1. 
(H14) h,[a(k)] < M’(k, s). 
Indeed, if min[X(m)] = max[X(m)] or if min[X(m)] < max[X(m)] 
and h,[min(X(m)) + 1] ax(l) + 1 then we can set hi = h,. Otherwise, 
min[X(m)] <max[X(m)], h, [min(X(m))+ 1] <x(l), and by Lemma 1 
applied to the d-system (x(m), e(m) (1 <m < N)} and to the subset 
A = {hi [min(X(m)) + 11, . . . . hi [a(k)]}, there is a F-composition g of type 
(1, - 1), the domain of which contains A and such that: g[min(A)] = 
x( 1) + 1 and g[max(A)] < M’(k, s). Thus, we can consider h, = g 0 hi. 
Last, if x( 1) < M(k, S) then we have defined the F-composition h3 and we 
c~n~iderf=F,~g~~“-“i”~X~“~~+l~~g,~g,~glogoo~~. 
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Case 2. Suppose that ~(l)<min[X(m)]. In this case, y(l)= 
min[X(m)] = a and x(O) < max[X(m)] < R(k, s). 
First, assume that F(a) ax(O). If P(a) > R(k, s) + k then we can 
choose f=F,og-‘ohogoh-‘, where g=g$a~l-max(x(m~l))l and h= 
gCxco)+l-min(x(m))l. If F(a) < R(k, s) + k then by Lemma 1 applied to the 
dusystem {x(m), e(m) (1 dm d N)} and to the subset A = {min[X(m)], . . . . 
max[X(m)] ), there is a F-composition h, of type (1, - l), the domain of 
which contains A and fullils the following: 
(H15) If a(i) < min[X(m)] then h, [a(i)] = a(i). 
(H16) If a(i) > min[X(m)] then h4 [a(i)] < M(k, s). 
(H17) h, [min(A’(m))] = F(a). 
Thus, we can considerf=F”~g,C”-‘-“““(X(“~‘))l og~og~a-l~max(x(m-l,)l o 
h,, where cc=F(a)-a. 
Second, suppose that F(a) <x(O). If x(l) 3 R(k, s) + k then we can 
consider f= F, 0 (go)-’ 0 g, 0 go 0 gba-u)o (g, 0 gO)cX(o)-81 0 g\sP”‘, where 
fl= F(a). If x( 1) < R(k, s) + k then by Lemma 1 applied to the d-system 
{x(m), e(m) (1 <rn <N)} and to the subset A = {min[X(m)], . . . . 
max[X(m)]}, there is a F-composition h, of type (1, - l), the domain of 
which contains a( 1 ), . . . . a(k) and such that 
(H18) If a(i) <min[X(m)] then h, [a(i)] = a(i). 
(H19) h, [min(X(m))] =x( 1). 
(H20) h, [a(k)] < M(k, s). 
In this last case, we choosef=FU~(go)-l~g;C”~l’-Y~l)l~gO~hs. 
4. IMPROVEMENTS OF THEOREM 1 
For given positive integer k, let us denote by Z(k) the set of integers s 
satisfying the following : if n > s, if F is a permutation of { 1, . . . . n}, and if 
a(l)< ... <a(k) are elements of { 1, . . . . n}, then there is a F-composition f 
of type (1, 1 ), the domain of which contains a( 1 ), . . . . a(k) and such that for 
i= 1 , . . . . k, f [a(i)] = a(i). By Theorem 1, Z(k) is a non-empty set so that 
we can define a(k) = min[S(k)]. The purpose of this section is the study of 
a(k). 
First, for given positive integer k, if i and j are elements of { 1, . . . . 2k) 
then let us denote by (i,j) the permutation of { 1, . . . . 2k) defined in the 
following way: (&j)(i) =j, (&j)(j) = i, and if XE { 1, . . . . 2k) - {i,j}, then 
(&j)(x) = x. The reader can easy check that if F is the permutation 
(1,210 ... o(2k- 1,2k) of { 1, . . . . 2k) and if, for i = 1, . . . . k, a(i) = 2i, then 
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there is not a F-composition S of type (1, 1) such that for i = 1, . . . . k, 
f(2i) = 2i. Thus, s(k) a a(k) > 2k. 
Second, the reader also can check that for each integer k> 2, 
s(k) 2 16(k + 1)4. So for k = 2, we obtain s(2) > 1296 and we do not know 
if 5, . . . . 1295 belong to C(2). In [6], F. Reverdy proves that 7 belongs to 
C(2) and in [3], we prove that 5 belongs to L’(2) so that a(2)=5. For 
k = 3, we show in [3] that 10 belongs to L’(3). However, we do not know 
if 7, 8, 9 belong to Z(3). Thus, the problem of the characterization (or of 
a better approximation) of a(k) is still open for k > 3. 
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